Abstract. We calculate and provide analytic fits of the factors which describe the reduction of the neutrino emissivity of modified Urca and nucleon-nucleon bremsstrahlung processes by superfluidity of neutrons and protons in neutron-star cores. We consider 1 S0 pairing of protons and either 1 S0 or 3 P2 pairing of neutrons. We analyze two types of 3 P2 pairing: the familiar pairing with zero projection of the total angular momentum of neutron pairs onto quantization axis, mJ = 0; and the pairing with |mJ | = 2 which leads to the gap with nodes at the neutron Fermi surface. Combining the new data with those available in the literature we fully describe neutrino emission by nucleons from neutron star cores to be used in simulations of cooling of superfluid neutron stars.
Introduction
It is well-known (e.g., Yakovlev et al. , 2001 ) that cooling of neutron stars depends on the properties of matter in the neutron star cores. In spite of great progress in understanding the neutron-star physics, many properties of this matter are still known with large uncertainty. A comparison of the theoretical cooling models with observations of thermal emission from isolated neutron stars gives a potentially powerful method to explore the internal structure of neutron stars. For a successful modeling of the cooling one needs reliable values of neutrino emissivity in different neutrino reactions.
In this paper we consider the matter of neutron star cores (at densities ρ > ∼ 1.5 × 10 14 g cm −3 ) composed of neutrons (n), protons (p), and electrons (e). It is generally agreed the neutrons and protons can be in superfluid state (as reviewed, e.g., by Lombardo & Schulze, 2001) . Superfluidity affects the neutrino emission and thus the cooling of neutron stars. According to numerous microscopic calculations, the proton pairing occurs in the singlet ( 1 S 0 ) state of proton pairs. Following we will call this pairing as pairing A. The neutron pairing occurs either in the 1 S 0 state or in the triplet state ( 3 P 2 ). Neutron pairing A takes place in the matter of subnuclear density (ρ < ∼ ρ 0 , where ρ 0 = 2.8 × 10 14 g cm −3 is the saturated nuclear matter density), while the 3 P 2 pairing is efficient at higher ρ. We consider the 3 P 2 pairing of
Send offprint requests to: M.E. Gusakov two types denoted as B and C. Pairing B occurs in a state of a neutron pair with zero projection of the total angular momentum on the quantization axis, m J = 0. This pairing has been studied in the majority of papers devoted to 3 P 2 pairing of neutrons. Pairing C occurs in a state with |m J | = 2. It has been the subject of some studies (as reviewed, e.g., by . The actual type of neutron pairing (A, B, or C) corresponds to the state with minimum free energy. Pairing C seems to be less realistic than B but cannot be completely ruled out by contemporary microscopic theories. For example, Muzikar et al. (1980) showed that it realizes in matter with strong magnetic field (B > ∼ 10 16 G). Amundsen & Østgaard (1985) found that the energetically preferable state of the pair can be a superposition of states with different m J . The specific feature of pairing C is that it leads to superfluid gaps with nodes at the neutron Fermi surface producing qualitatively different effect on neutrino processes than pairing B (or A).
Note that we do not consider another case:
3 P 2 neutron pairing with |m J | = 1. In this case, just as in cases A and B, the superfluid gap does not have any nodes at the Fermi surface (e.g., Amundsen & Østgaard 1985) . Therefore, we expect that the results will be similar to those for pairing B or A. On the other hand, the consideration of the |m J | = 1 pairing is technically much more complicated since the superfluid gap depends not only on the polar angle ϑ of neutron momentum at the Fermi sphere (see below) but also on the azimuthal angle ϕ.
Let us remind five main neutrino generation mechanisms in the neutron-star cores.
(1) Direct Urca process is the most powerful neutrino process. It consists of two successive reactions n → p + e +ν e , p + e → n + ν e ,
where ν e andν e are electron neutrino and antineutrino. It is allowed (Lattimer et al. 1991) only in matter of sufficiently high density (typically, a few times of ρ 0 ) for model equations of state with high symmetry energy (rather high fraction of protons). The reduction of direct Urca process by proton superfluidity A and neutron superfluidity (A, B, or C) was analyzed by Levenfish & Yakovlev (1994) .
(2) Modified Urca process consists of two branches. Two successive reactions (direct and inverse) n + n → p + n + e +ν e , p + n + e → n + n + ν e
form the neutron branch. Two similar reactions n + p → p + p + e +ν e , p + p + e → n + p + ν e
form the proton branch of the process. The process is the most powerful neutrino mechanism in non-superfluid neutron-star cores where the direct Urca process is forbidden. It (or at least its neutron branch) is open in the entire stellar core. The neutrino emissivity of this process in nonsuperfluid matter was considered by a number of authors (references can be found in , particularly, by Bahcall & Wolf (1965) , Friman & Maxwell (1979) , and Yakovlev & Levenfish (1995) . The latter authors studied the reduction of the process either by proton superfluidity A, or by neutron superfluidity (A or B). Levenfish & Yakovlev (1996) suggested a simple approximate method to account for the combined effect of the neutron and proton superfluidities. It is based on the similarity relations of the factors which describe the superfluid reduction of the direct and modified Urca processes. These results were used in simulations of the neutron star cooling (as reviewed by Yakovlev et al. , 2001 ). We present a more accurate calculation of the reduction of the modified Urca process by combined action of proton superfluidity A and neutron superfluidity (A, B, or C).
(3) The neutrino-pair bremsstrahlung at nucleonnucleon scattering can be of three types: n + n → n + n + ν +ν,
n + p → n + p + ν +ν,
Here, ν andν stand for neutrinos of any flavor. In a normal (non-superfluid) matter the bremsstrahlung processes are weaker than the modified Urca process (e.g., ). However they may be more important in superfluid matter. If proton superfluidity is of type A, and neutron superfluidity is of type A or B then superfluid reduction of the processes can be described by the formulae presented by . In this paper we develop analogous description for neutron superfluidity C.
(4) Neutrino emission due to Cooper pairing of nucleons (N= n or p) actually consists of neutrino-pair (any flavor) emission
by a nucleon whose dispersion relation contains an energy gap. The process was proposed by Flowers et al. (1976) for neutron superfluidity of type A. The extension to the neutron superfluidity B and C was done by . The case of proton superfluidity A is described, e.g., by Yakovlev et al. ( , 2001 ). In the absence of superfluidity, the reaction is forbidden by energy-momentum conservation.
(5) Neutrino-pair bremsstrahlung at electron-electron scattering (Kaminker & Haensel 1999 ), e + e → e + e + ν +ν,
is much weaker than other processes in non-superfluid matter. However, it is almost independent of superfluidity and may be the leading mechanism in superfluid matter. The present paper is organized as follows. In Sect. 2 we present general equations for modified Urca process and analyze the reduction factors. In Sect. 3 we consider the reduction factors of nucleon-nucleon bremsstrahlung processes. In Sect. 4 we study the efficiency of various neutrino processes in the cores of neutron stars for different superfluidity types. Analytic fits of the reduction factors of the modified Urca process are given in Appendix.
Modified Urca process

General equations
As discussed, e.g., by Bahcall & Wolf (1965) and Friman & Maxwell (1979) , the general expression for the neutrino emissivity of modified Urca process can be written as (h = c = k B = 1):
where p j is a nucleon momentum (j = 1, 2, 3, 4); p e and ε e are, respectively, the momentum and energy of an electron; and p ν and ε ν are the momentum and energy of a neutrino. The delta function δ(E f − E i ) describes energy conservation, while δ(P f − P i ) describes momentum conservation. The indices i and f refer to the initial and final particle states. Furthermore, L means the product of Fermi-Dirac functions or corresponding blocking factors of the nucleons and the electron; |M | 2 is the squared matrix element. Summation is carried over all particle spins. The factor 2 in the denominator before the summation sign is introduced to avoid double counting of the same reactions involving identical particles. The overall factor 2 doubles the emissivity of elementary (direct or inverse) reaction of the process assuming beta-equilibrium. Since neutrons, protons and electrons in neutron-star cores are strongly degenerate, one can use the phase-space decomposition (e.g., Friman & Maxwell 1979) which yields:
The factor A contains integrations over orientation of particle momenta (j = 5 refers to an electron); dΩ j is a solid angle element in the direction of p j . All lengths of the momenta p j with j ≤ 5 can be set equal to the appropriate Fermi momenta p F . A typical neutrino momentum p ν is determined by the temperature T , p ν ∼ T ≪ p F . Thus, we neglect p ν in the momentum-conserving delta function and integrate over orientations of p ν in A (which gives a factor of 4π). The factor I given by Eq. (12) contains the integrals over the dimensionless neutrino energy x ν = p ν /T = ε ν /T and the dimensionless energies of other particles Finally, Eq. (10) contains the products of the densities of state of the particle species 1 ≤ j ≤ 5, m * j being the effective mass at the Fermi surface. For non-relativistic nucleons (which we consider here), m * j is mainly determined by in-medium effects. For the electrons (j=5), m * = µ, where µ is the electron chemical potential. In the absence of superfluidity Eq. (12) gives I = I 0 = 11513 π 8 /120960. For the neutron branch (2) of the process, Eq. (11) yields (e.g., Shapiro & Teukolsky 1983) : 
while at p Fn < 3p Fp − p Fe (and 3p Fp ≥ p Fe )
where Θ = 1 if the proton branch is allowed by momentum conservation (p Fn ≤ 3p Fp + p Fe ), and Θ = 0 otherwise. Notice that Eq. (15) can be useful if dense matter contains other particles but n, p, and e (e.g., muons).
The difference of Eqs. (13) and (14) or (15) is the consequence of the fact that p Fn is significantly larger than p Fp in neutron star matter.
Combining these results one can obtain the neutrino emissivities Q n 0 and Q p 0 in nonsuperfluid matter. The emissivity Q n 0 was calculated by Friman & Maxwell (1979) , using the one-pion-exchange approximation for calculating the matrix element, |M | 2 , and Q p 0 was calculated by Yakovlev & Levenfish (1995) using the same technique. Now consider the modified Urca process in the presence of superfluidity of neutrons and protons. A onset of superfluidity leads to the appearance of an energy gap δ in the momentum dependence of the particle energy ε(p). Near the Fermi surface (|p − p F | ≪ p F ), this dependence can be written as (e.g., Lifshitz & Pitaevskii 1980) 
Here, η = v F (p − p F ), v F and p F are the nucleon Fermi velocity and Fermi momentum, and µ is their chemical potential. For the conditions of our interest, δ ≪ µ.
, where ∆(T ) is the gap amplitude, which determines the temperature dependence of the gap width, while F (ϑ) is the factor which depends on the angle ϑ between the quantization axis and the particle momentum. The functions ∆(T ) and F (ϑ) depend on superfluidity type (e.g. . For cases A, B and C:
The gap amplitude ∆(T ) is assumed to be governed by the standard equations of the BCS theory (e.g., Tamagaki 1970); ∆(0) is related to the critical temperature T c as indicated above. For further analysis it is convenient to introduce the dimensionless variables:
While T decreases from T c to 0, the parameter v varies from 0 to ∞ as described, e.g., by Eq. (11) in . We assume that the neutrino emissivity in superfluid matter can be calculated from Eqs. (10)- (12) by replacing x j → z j for all particle species which are in superfluid state. This assumption is widely used in the literature; its validity is discussed by Yakovlev et al. (2001) . In this approximation, the neutrino emissivity of the modified Urca process can be written as
where Q n 0 and Q p 0 are the emissivities in a non-superfluid matter, while R n and R p are the factors which describe the reduction of the emissivity by nucleon superfluidity (R N < 1). Generally, these factors can be written as
The notations are the same as in Eqs. (10)- (12). We have composed a code which calculates the reduction factor (22) for proton superfluidity A and neutron superfluidity A, B, or C. The code has been tested by comparing with the analytical asymptotes at large v 1 and v 2 and with the results of Yakovlev & Levenfish (1995) who considered superfluidity of either protons or neutrons. The results have also been compared with those calculated from Eq. (22) under simplified assumption p Fp , p Fe ≪ p Fn discussed below (see Eq. 41).
Notice that the results of this section can also be used to describe modified Urca process with muons instead of electrons (see Yakovlev et al. 2001 , for details).
Reduction by superfluidity of neutrons and
protons of type A In this case Eq. (22) can be simplified. For pairing A, the dimensionless energy gap y A is angle-independent. This allows one to decompose the integrals over the angles and over the dimensionless energies x j . For the neutron branch of the modified Urca process we get
where j = 1, 2, and 3 enumerates the reacting neutrons, while j = 4 refers to a proton. Let here and hereafter v 1 ≡ v n refer to neutrons, and v 2 ≡ v p refer to protons. The reduction of the proton branch is evidently given by
It is useful to find the asymptotes of R n AA from Eq. (23) for strong superfluidity, i.e., for large values of v 1 and v 2 . In this case we can introduce three regions of the parameters (Fig. 1) , where the asymptote of R n AA has different forms. Region I corresponds to v 1 > v 2 ; region II corresponds to v 2 ≥ v 1 ≥ v 2 /3; and region III corresponds to v 1 < v 2 /3. The asymptotes presented below are valid at
, not too close to the boundaries between regions I and II and between regions II and III. For example, we outline the derivation of the asymptote of R n AA from Eq. (23) in region I; the derivation in other regions is similar. Clearly, the integral (23) can be subdivided into several parts in such a way that any single part contains integrations from −∞ to 0 and/or from 0 to +∞. Now let us introduce the convenient notations for these parts. Let R(2, −1) mean a five-dimensional integral containing the integration from 0 to +∞ over two neutron variables, and over −∞ to 0 over a proton variable (in this case, the integration over the third neutron variable is assumed to extend from −∞ to 0). Splitting the initial integral (23) into the elementary integrals,we see that the same integral R(2, −1) enters the sum three times. Thus, it is sufficient to calculate the integral once and multiply by 3.
In this way we obtain eight integrals of different types: R(3, +1), R(3, −1), R(2, +1), R(2, −1), R(1, +1), R(1, −1), R(0, +1), and R(0, −1). In the limit of strong superfluidity (v 1,2 ≫ 1), each of them is exponentially small. The exponentials are:
It is seen that the main contribution into the asymptote comes from R(2, −1) and R(1, +1). These terms have the same exponential but R(2, −1) has a larger pre-exponent. Therefore, it is R(2, −1) which gives the main contribution in region I:
where a = z 1 +z 2 +z 3 +z 4 . One has G(a) → a 4 /4 as a → ∞ and G(a) → 6 exp(a) as a → −∞. We are especially interested in large and positive a for which G(a) ≈ a 4 θ(a)/4, where θ(x) is the step function. In this approximation, Eq.(26) can be rewritten as:
Two integrals in Eq. (27) over the neutron variables x 1 and x 2 are rapidly converging because of the presence of exponentially decreasing functions. Accordingly, the region of space, where these two variables produce the main contribution, is rather small. Thus, it is sufficient to set z 1 = v 1 and z 2 = v 1 in the θ function. Then the integrations over x 1 and x 2 are separated and done analytically. Neglecting exponentially small terms while integrating over x 3 and x 4 , we obtain the asymptote of R n AA in region I:
where r j = x 2 j + 1. In the same manner in region II we obtain:
In region III:
where 3 ≤ α < ∞. The asymptotes themselves contain complicated integrals. Thus we have calculated the asymptotes of the integrals (29) and (34). In region I we have:
The asymptote of I 2 (α) at α → 1 can be determined by matching the reduction factors at the boundary of regions I and II.
In region III we have
α → 3,
We have numerically calculated the functions I 1 (α), I 2 (α), and I 3 (α) and proposed analytic fits which reproduce the results and the asymptotes (29), (31), and (34) with the maximum error less than 1%. For region I, the fit is:
where p 1 = 1.473 and p 2 = 0.1684. For region II:
with p 1 = 1.210, p 2 = 0.222, and p 3 = 0.215. For region III:
where p 1 = 8.363, p 2 = 1.427, and p 3 = 1.8978. The fits of R n AA are given in Appendix.
2.3. The neutron branch reduced by proton superfluidity A and neutron superfluidity B Now consider neutron superfluidity of type B. According to Eqs. (20) and (18), the dimensionless energy gap of the neutrons, y B , is angle-dependent. The asymptotes of R n AB in this case can be obtained from Eq. (22). As before, j=1, 2, and 3 enumerates neutrons while j=4 refers to a proton. Equation (22) can be written as (40) where G(a) is given by Eq. (24); θ is the step function: 
As for neutron superfluidity A, we have different asymptotes of R n AB in regions I, II, and III. For example, consider the asymptote at large v 1 and v 2 in region I. It is easy to see that the main contribution comes from R(2, −1) (see Eq. (27)). In Eq. (27) it is sufficient to set z j = sign(x j ) x 2 j + v 2 1 (1 + 3c 2 j ) (for j=1, 2, 3) and z 4 = sign(x 4 ) x 2 4 + v 2 2 . Here, c j ≡ cos ϑ j . The simplified reduction factor will then be rewritten as:
Notice that the main contribution into (42) comes from the range of angles c 1 ≈ c 2 ≈ 0. Then it is sufficient to set z i ≈ v 1 + 0.5x
, 2) in the exponentials in R(2, −1), and z 1 = z 2 = v 1 in all other functions. This leads to the following asymptote in region I:
where I 1 (α) is defined by Eq. (29). Now let us introduce three functions I i (c 1 , c 2 , c 3 , α) (i = 1, 2, and 3), which formally coincide with those given by Eqs. (29), (31), and (34) with the only difference that now r j = x 2 j + 1 + 3c 2 j , j=1, 2, and 3. Then, the asymptote in region II will be written as 
where K is given by Eq. (32). In region III we obtain:
We have numerically integrated R n AB from Eq. (40) for a dense grid of v 1 and v 2 . The calculations have been conducted at p Fp = 0.11 p Fn and p Fe = 0.1 p Fn . As mentioned above, the reduction factor is rather insensitive to variations of these parameters. The variations of R n AB to the changes of the particle Fermi momenta within reasonable limits (p Fe,p ≤ (0.3 -0.4)p Fn ) obtained in some test runs are of the order of estimated error of numerical integration. The fits of R n AB are given in Appendix.
The proton branch reduced by proton superfluidity
A and neutron superfluidity B
In this case Eq. (22) can be simplified as
Here, c 4 ≡ cos ϑ 4 . The function I(z 1 , z 2 , z 3 , z 4 ) is defined by Eq. (40) with the only difference that now j = 1, 2, and 3 refer to protons, while j = 4 refers to a neutron. One can easily obtain the asymptotes of the reduction factor at large values of v 1 and v 2 . For the proton branch of modified Urca process, the regions where the asymptotes are different can be found from neutron-branch regions by replacing v 1 ⇀ ↽ v 2 . For instance, at v 2 > v 1 :
where I 1 (c 4 , α) is defined by Eq. (29) 
At v 2 < v 1 /3:
The fits of R p AB are given in Appendix.
2.5. The neutron branch reduced by proton superfluidity A and neutron superfluidity C
The most important feature of this case is that the energy gap vanishes at the poles of the Fermi sphere (see Eqs. (19) and (20)). Equation (40) remains valid in this case. The calculations of R n AC have been done at p Fp = 0.11 p Fn and p Fe = 0.1 p Fn . As in the previous cases, the reduction factor is rather insensitive to variations of these parameters. The results are approximated by the expressions given in Appendix.
A and neutron superfluidity C Equation (46) remains valid in this case. Since y 4 = y C = v 1 sin ϑ 4 vanishes at the poles of the Fermi sphere, the reduction factor R p AC varies with v 1 as a power-law (rather than exponentially). It is easy to determine its behavior at large v 1 . One can see that in this case the main contribution into integral (46) comes from the region where sin ϑ 4 ≪ 1. Thus, we have
Here, I is given by Eq. (40), in which z 4 = sign(x 4 ) x 2 4 + t 2 . The difference of exact Eq. (46) from Eq. (50) is less than 2% at v 1 > ∼ 25. As in the previous cases, R p AC has been calculated numerically. For v 1 ≥ 25, we have used Eq. (50) and fitted our results by a simple equation
The fits of R p AC for v 1 ≤ 25 are given in Appendix.
Approximate reduction factors of the NN-bremsstrahlung in superfluid matter
Now consider the superfluid suppression of the neutrinopair emission in the nucleon-nucleon bremsstrahlung processes (4) -(6). In the absence of superfluidity the emissivities of NN-bremsstrahlung processes in the onepion-exchange approximation are given, for instance, by . In analogy to Eq. (21), one can introduce the superfluid reduction factors R NN :
where
Here, z j is given by Eq. (20), and j enumerates initialstate and final-state particles participating in the reactions. Accordingly, if we consider neutron superfluidity C, and proton superfluidity A, then we have z j = sign(x j ) x 2 j + v 2 1 sin 2 ϑ j for neutrons, and z j = sign(x j ) x 2 j + v 2 2 for protons. • . Solid lines show our results, and dashed lines are obtained from similarity criteria, e.g., .
The factor R pp AA was accurately calculated by Yakovlev & Levenfish (1995) . For the neutron-proton process we suggest the similarity relation of the form
Here, R D AC (v 1 , v 2 ) is the reduction factor of the direct Urca process determined by Levenfish & Yakovlev (1994) . The subscript pA means that superfluidity of protons is of type A (and neutrons are non-superfluid). The factor R np pA was calculated by Yakovlev & Levenfish (1995) .
An analysis of R nn nC for neutron-neutron bremsstrahlung, Eq. (4), is more sophisticated (since no similarity criterion can be formulated). Let us study the reduction factor R nn nC at large v 1 from Eq. (53). Now j = 1−4 refer to neutrons. One can see that the main contribution to R nn nC comes from the range of angles sin ϑ j ≈ 0. Since the sum of the Fermi momenta of reacting neutrons must be equal to zero, the Fermi momenta should concentrate to the poles of the Fermi sphere: two momenta to one pole and other two momenta to the other pole. Now we expand all functions in series over ϑ j and integrate over ϕ 4 , ϕ 3 , ϕ 1 , and ϑ 4 . In this way we obtain 
In Eq. (55) we introduce t = cos ϕ 2 ; I nn is the same as in Eq. (53) with the only difference that now ϑ 4 = ϑ 2 2 + ϑ 2 3 − ϑ 2 1 . Introducing y j = v 1 ϑ j , j = 1, 2, 3, and taking into account that v 1 is large, we can extend the upper limit of integration over y j to infinity. As a result, the asymptote of R 
Evaluating this integral, we obtain:
Let us derive an approximate formula for R nn nC at intermediate values of v 1 . For this purpose we substitute f 4 (y 1 + y 2 + y 3 + y 4 ), where y j = v 1 sin ϑ j , in the argument of the function R nn nA (v 1 ) (as described by ) and integrate this function over ϑ j :
where f = 2.248 is chosen to satisfy the asymptote (58). For v 1 ≤ 25, R nn nC has been calculated numerically. At v 1 > ∼ 25 our numerical results agree with the asymptote (58) within 1%. The numerical results for v 1 ≤ 25 can be fitted as 
Discussion
The results of Sect. 2 allow us to compare the exact and approximate reduction factors of modified Urca process. The comparison is illustrated in Figs. 2, 3 , and 4. The figures show the dependence of the calculated reduction factors, R n AA , R n AB , and R p AB , on v = v 2 1 + v 2 2 at several values of ϕ (ϕ is the polar angle in the v 1 -v 2 plane; tan(ϕ) = (v 1 /v 2 )). Our results (solid lines) are compared with the approximate reduction factors (dashed lines) constructed (e.g., ) using the criteria of similarity between the reduction factors for different neutrino reactions. The approximate factors have been used in a number of simulations of neutron star cooling. One can see that the difference of the approximate reduction factors from the exact ones increases with increasing v (but for ϕ = 0
• in Figs. 2, 3 and ϕ = 90 • in Fig. 4 ). Now let us answer the question which neutrino generation mechanism dominates in a superfluid neutron-star core. Taking into account the above results we can calculate the emissivities of all main neutrino processes (Sect. 1) for proton superfluidity A and any neutron superfluidity, A, B, or C. Figures 5 and 6 show which process dominates at different values of T cn and T cp . Figure 5 shows the effect of neutron superfluidity B, while Three left panels of Fig. 5 illustrate standard neutrino emission at ρ = 2ρ 0 (direct Urca process forbidden) for three values of the internal stellar temperature, T = 10 8 , 3 × 10 8 , and 10 9 K, while three right panels correspond to neutrino emission enhanced by direct Urca process at ρ = 5ρ 0 for the same T . Figure 5 is almost the same as obtained earlier by for another equation of state using the approximate reduction factors of modified Urca process. The selected values of T cover the temperature interval most important for the theory of neutron star cooling. The figures are almost independent of ρ (and of equation of state) as long as ρ does not cross the density threshold of opening direct Urca process. One can see that if the neutrons are superfluid alone and T ≪ T cn , then the bremsstrahlung due to protonproton scattering becomes dominant. If protons are superfluid alone and T ≪ T cp , then the main mechanism is neutrino emission in neutron-neutron bremsstrahlung. It is well known that only one neutrino process dominates at a given density in a non-superfluid neutron-star core. It is either direct Urca or modified Urca process. The situation is drastically different in superfluid matter. As seen from Figs. 5 and 6, Cooper-pairing neutrino emis-sion becomes dominant in the presence of a weak neutron superfluidity. With the increase of T cn in the superfluid regime, modified Urca process becomes unimportant and Cooper-pairing neutrino emission dominates.
Conclusions
We have calculated the factors which describe the reduction of the neutrino emissivity in the neutron and proton branches of modified Urca process by superfluidities of neutrons and protons. We have considered singlet-state pairing of protons (pairing A) and either singlet-state or triplet-state pairing of neutrons (A, B or C). The reduction factors are fitted by analytic expressions presented in Appendix to facilitate their use in computer codes.
We have also considered the reduction of neutrino bremsstrahlung due to neutron-neutron and neutronproton scattering by proton superfluidity A and neutron superfluidity C. We have constructed the approximate reduction factors and fitted them by analytic expressions. We have determined also the dominant neutrino emission mechanisms in a neutron star core at different values of the critical temperatures of the neutron and protons, T cn and T cp , for the cases of neutron superfluidity of type B or C.
Our results combined with those known in the literature (e.g., Yakovlev et al. 2001 ) allow one to calculate the neutrino emissivity in a neutron-star core in the presence of proton superfluidity A and neutron superfluidity A, B, or C. The results can be useful to study thermal evolution of neutron stars, first of all, cooling of isolated neutron stars. Our cooling simulations based on the present results will be published elsewhere. In Fig. 1 we plot four regions, I, II, III, and IV, in the v 1 -v 2 plane where the fit expressions for the neutron and proton branches of modified Urca process are different. This selection of the regions is the same for any type of neutron superfluidity, A, B, or C. We have calculated the reduction factors of the modified Urca process from Eq. (22) as described in Sect. 2. Introducing the polar coordinates (v 1 = v sin ϕ, v 2 = v cos ϕ), in regions I, II, and III we fit the numerical results by the expression
while in region IV we use the fit of the form
In regions I, II, and III, the functions A, B, and C depend on ϕ. In region IV, they depend on v 1 and v 2 .
In the case of neutron and proton superfluidity A for neutron branch of modified Urca process we get the following fits. 
A = p 4 + p 1 y 1 + p 2 y + p 3 y 2 + p 5 y + p 6 yt, B = p 10 + p 7 y 1 + p 8 y + p 9 y 2 + p 11 y + p 12 yt, C = p 16 + p 13 y 1 + p 14 y + p 15 y 2 + p 17 y + p 18 yt, t = sin 
Coefficients p i which enter Eqs. (A3)-(A6) are listed in Table 1 . The calculation and fit errors do not exceed 10% for R n AA > ∼ 10 −5 . In the case of proton superfluidity A and neutron superfluidity B for neutron branch of modified Urca process we get the following fits. In region I: A = p 1 + p 2 t 2 + p 4 1 + p 3 t − p 5 t, B = p 6 + p 7 t 2 + p 9 t 1 + p 8 t 2 − p 10 t, C = p 11 − p 12 y(1 + p 13 z 2 ) 3 , y = sin 2 (ϕ + p 15 ), t = cos 2 ϕ, z = cos 2 (ϕ + p 14 ).
In region II: 
In region IV: 
Coefficients p i which enter Eqs. (A7)-(A10) are listed in Table 2 . The calculation and fit errors do not exceed 5-15% in those cases in which R n AB > ∼ 10 −5 . In the case of proton superfluidity A and neutron superfluidity B for proton branch of modified Urca process we get the following fits.
In region I:
A = p 1 + p 2 ϕ + p 4 ϕ (1 + p 3 tϕ) 2 + p 5 tϕ 2 , B = p 6 + p 7 ϕ + p 9 ϕ (1 + p 8 tϕ + p 10 yt) 2 + p 11 ϕ 2 , C = p 12 − p 13 t + p 16 (1 + p 14 t 2 ) 2 + p 17 tϕ, y = sin 2 (ϕ + p 15 ), t = cos 2 ϕ.
In region II:
